SURGERY AND HARMONIC SPINORS 



BERND AMMANN, MATTIAS DAHL, AND EMMANUEL HUMBERT 



Abstract. Let M be a compact manifold with a fixed spin structure x- The 
Atiyah-Singer index theorem imphes that for any metric g on M the dimension 
of the kernel of the Dirac operator is bounded from below by a topological 
quantity depending only on M and x- We show that for generic metrics on M 
this bound is attained. 



1. Introduction 

We suppose that M is a compact spin manifold. By a spin manifold we will always 
mean a smooth manifold equipped with an orientation and a spin structure. After 
choosing a metric g on M, one can define the spinor bundle Af and the Dirac 
operator : r(I]9M) -> r(S9Af) see 0[T21il. 

Being a self-adjoint elliptic operator shares many properties with the Hodge- 
Laplacian : T{ApT*M) T{ApT*M). In particular, if M is compact, then the 
spectrum is discrete and real, and the kernels of and are finite-dimensional. 
Elements of ker A^ resp. kerD^ are called harmonic forms resp. harmonic spinors. 

However, the relation of A^ resp. to topology is different. Hodge theory tells 
us that the Betti numbers hp :— dimker Aj^ only depend on the topological type 
of M. The dimension of the kernel of is invariant under conformal changes 
of the metric, however it does depend on the choice of conformal structure. The 
first examples of this phenomenon were constructed by Hitchin and it was 
conjectured by several people including Bar and the second named author |2| that 
dimkerD^ depends on the metric for any compact spin manifold of dimension > 3. 

On the other hand, dimkerZJf is topologically obstructed. The Index Theorem by 
Atiyah and Singer gives a topological lower bound on the dimension of the kernel 
of the Dirac operator. For M a compact spin manifold of dimension n this bound 
is [121, m Section 3] 

if n = mod 4; 

, ^„ I if n = 1 mod 8 and a(Af) 7^ 0; 

dimkerD^ > < ' v ) r , 

~ ^ " if n = 2 mod 8 and a(M) ^ 0; 

otherwise. 




Date: February 2, 2008. 

2000 Mathematics Subject Classification. 53C27 (Primary) 55N22, 57R65 (Secondary). 
Key words and phrases. Dirac operator, eigenvalue, surgery. 

This work was initiated when the authors visited the Albert Einstein Institute, Golm, Germany, 
and was continued at the lECN Nancy, France. We wish to thank these institutes for their very 
kind hospitality and support. 

1 



2 



BERND AMMANN, MATTIAS DAHL, AND EMMANUEL HUMBERT 



Here the A-genus A{M) £ Z and the a-genus a{M) G Z/2Z are invariants of (the 
spin bordism class of) the differential spin manifold M, and g is any Riemannian 
metric on M. 

It is hence natural to ask whether metrics exist, such that equality holds in Q). 
Such metrics will be called D-minimal. In ll^l it is proved that a generic metric 
on a manifold of dimension < 4 is D-minimal. In [2] the same result is proved 
for manifolds of dimension at least 5 which are simply connected or have certain 
fundamental groups. The argument in 2 utilizes the surgery-bordism method 
which has proven itself very powerful in the study of manifolds with positive scalar 
curvature metrics. In a similar fashion we will use surgery methods to prove the 
following. 

Theorem 1.1. Let M be a compact connected spin manifold. Then a generic 
metric on M is D-minimal. 

Our method also yields a new proof in dimensions 2, 3 and 4. Since dimkerD 
behaves additively with respect to disjoint union of spin manifolds while the A- 
genus/a-genus may cancel it is easy to find disconnected manifolds with no D- 
minimal metric. 

Let us also mention that if M is a compact Riemann surface of genus < 2, then all 
metrics are Z)-minimal. The same holds for Riemann surface of genus 3 whose spin 
structure is not spin bordant 0. However if the genus is > 4 (or equal to 3 with spin 
structures that are spin bordant 0), then there are also metrics with larger kernel 
[HI, see also 

In order to explain the surgery-bordism method in the proof of Theorem 11.11 we 
have to fix some notation. 

A smooth embedding f : N —>■ AI is called spin preserving if the puUback of 
the orientation and spin structure of M to TV under / is the orientation and spin 
structure of N. If M is a spin manifold we denote by M~ the same manifold with 
the opposite orientation. 

For / > 1 we denote by B^{R) the standard Z-dimensional open ball of radius R 
and by S^~^{R) its boundary. We abbreviate = B'(l) and S^^^ = S'-^{1). The 
standard Riemannian metrics on B^{R) and S^^^{R) are denoted by g^""^ and g™"nd^ 
We equip S''^^{R) with the bounding spin structure, i.e. the spin structure obtained 
by restricting the unique spin structure on B^{R) (if Z > 2 the spin structure on 
S^~^{R) is unique, if Z = 2 it is not). 

Let f : X B"-^'' ^ Af be a spin prerserving embedding. Then we define 
M={M\ f{S'' X B"-'')) U (b^ X / ^ 

where ^ identifies the boundary of S'' x S'"^''"^ with f{S'' x S'""''^^). The top- 
logical space M carries a differential structure and a spin structure such that the 
inclusions M \ f{S'' x B""'') ^ M and B'^+i x S""-*:-! ^ M are spin preserving 
smooth cmbeddings. 

We say that M is obtained from M by surgery of dimension k or by surgery of 
codimension n ^ k. 

The proof of Theorem of Theorem II . II relies on the following surgery theorem. 
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Theorem 1.2. Let {M,g^^) be a compact n- dimensional Riemannian spin mani- 
fold. Let M be obtained from M by surgery in dimension k, k & {0, 1, . . . , n — 2}. 
Then M carries a metric g^'^ such that 

M M 

dimkerZJS < dimkcY . 
2. Preliminaries 

2.1. Spinor bundles for different metrics. Let M be a spin manifold of dimen- 
sion n and let g' be Riemannian metrics on M . The goal of this paragraph is to 
identify the spinor bundles of (M, g) and (M, g') using the method of Bourguignon 
and Gauduchon introduced in 0. 

There exists a unique endomorphism 6^, of TM which is positive, symmetric with 
respect to 5, and satisfies g{X,Y) = g' {b^^, X , b<l^,Y) for all X,Y e TM. This endo- 
morphism maps g-orthonormal frames at a point to ^'-orthonormal frames at the 
same point and we get a map b^, : SO{M,g) SO{M,g') of SO(n)-principal bun- 
dles. If we assume that Spin(M, 17) and Spin(M, g') are equivalent spin structures 
on M the map b^, lifts to a map of Spin(n)-principal bundles, 

Spin(A/,5) ^ Spin(M,5') 

SO(Af,g) SO (M,.g') 

From this we get a map between the spinor bundles E^M and M denoted by 
the same symbol and defined by 

S^M = Spin(i\/, g) x„ E„ ^ Spin(Af, g') S„ = T,^' M 

^=[s,^)] ^ [pps,^]=P^^,i^ (2) 

where (tr, S„) is the complex spinor representation, and where [s,tp] denotes the 
equivalence class of (s, ip) £ Spin(M, g) S„ for the equivalence relation given by 
the action of Spin(7i). The map preserves fiberwise length of spinors. 

We define the Dirac operator acting on sections of the spinor bundle for g by 

In Thm. 20] the operator ^D^ is computed in terms of and some extra terms 
which are small if g and g' are close. Formulated in a way convenient for us the 
relationship is 

9D9'ip = 1)9 V + (V^^) + B^, iij) (3) 
where A^, G hom(r*M (g) E^M, E^Af ) satisfies 

\Al,\<C\g-g'\, (4) 
and B^g, e hom(Ef Af, S^Af) satisfies 

\Bp\<C{\g^g% + \V^ig-g%) (5) 

for some constant C. 
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In the special case that g' and g are conformal with g' — F^g for a positive smooth 
function F we have 

9ds\f-'^^:) = F-'^DS^ (6) 

according to 011111. 

2.2. Notations for spaces of spinors. Throughout the article (p and ■0 and its 

variants denote spinors, i.e. sections of the spinor bundle. If 5* is a closed or open 
subset of M, we write C''{S) both for the space of k times differentiable functions 
on S and for the space of k times differentiable spinors. As the bundle will be clear 
from the context, this will not lead to ambiguities. On C'^(S') we define the norm 

k 

We sometimes write || </5|| 0*^(5, g) instead of l|<pl|c"'(S) to indicate that the spinor 
bundle and the norm depend on g. The analogous notation is used for Schauder 
spaces C'^'". 

Similarly £^(5) = L^{S,g) and Hl{S) = Hl{S,g) denote the space of i^-spinors 
and -ff^-spinors. These spaces come with the norms 




Let U be an open set. The set of locally C-^-spinors Cl^^{U) carries a topology such 
that ^ ip 'm Cl^^{U) if and only ii ipi ^ ip in C^{K) for any compact subset 
K CU. 

2.3. Regularity and elliptic estimates. In the following section M is not nec- 
essarily compact. 

Lemma 2.1. Let {M,g) he a Riemannian manifold, and let be a spinor of reg- 
ularity . If ijj is weakly harmonic, i.e. 

I {^/j,Dip)dvS = 
Jm 

for all compactly supported smooth spinors ip, then ip is smooth. 

Lemma 2.2. Let {M,g) he a Riemannian manifold and let K C M a compact 
subset. Then there is a constant C — C{K, M, g) such that 

H\\c^{K,g) < C||-0||L2(Af,g) 

for all harmonic spinors on {M,g). 
Proof of the lemmata. 

The condition of the first lemma implies / D^^) dv^ = for any compactly sup- 
ported smooth spinor $. Writing down the equation in local coordinates, one can 
use standard tools from partial differential equations (as for example Theorem 
8.13]) to derive via recursion that ip is contained in H^{Ki) for any fc G N and any 
Ki compact in Af, and that 

MHliK,,g) < C\mL^M,gy (7) 
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Suppose that the boundary of Ki is smooth. One then uses the Sobolev embedding 
Hl{Ki,g) C^{Ki,g) for k > n/2 + 1 (see P Theorem 6.2]), and we get V S 
C^{Ki,g) and an estimate for l|V'llci(i<'i,g) analogous to Q. Now one can use 
Schauder estimates as in Theorem 6.6] to conclude that "0 is smooth on any 
compactum K contained in the interior of Ki, and in order to derive a estimate. 

□ 

Lemma 2.3 (Ascoli's theorem, ^ Theorem 1.30 and 1.31]). Let ipi be a sequence 
bounded in C^'°'{K). Then a subsequence converges in C^(K). 

2.4. Removal of singularities lemma. In the proof of Theorem 1 1.21 we will need 
the following lemma. 

Lemma 2.4. Let {M,g) be an n- dimensional Riemannian spin manifold and let 
S <Z M be a compact submanifold of dimension k < n — 2. Assume that ip is a 
spinor field such that \\tp\\L^(M) < oo and D^ip = weakly on AI\S . Then D^ip — 
holds weakly also on M . 

Proof. Let -0 be a smooth spinor compactly supported in M . We have to show that 

/ ((^, DV) t^w^ = 0. (8) 

J M 

Let Us{£) be the set of points of distance at most e to S. For a small e > we 
choose a smooth function rj : M [0, 1] such that 77 = 1 on C/s(e), |grad?7| < 2/e 
and ri — outside Us{2£). We rewrite the left hand side of ((HJ as 

/ {if,DSi^)dvS ^ / {lfi,D'^{{l~T])^|; + r|iJ))dvS 
Jm Jm 

= [ {^,D^{{l-T^)i;))dv^ 

JM 

+ / {(p,riD^ip) dv^ + / {ip, giadrj ■ ^} dv^ . 
Jm Jm 

As D^ip — weakly on M \ S the first term vanishes. The absolute value of the 
second term is bounded by 

\\'P\\L^Us{2e))\\D''^\\L--{Us{2e)) 

which tends to as e — > 0. Finally, the absolute value of the third term is bounded 

by 

2 C 1 

-\ML^Us{2e))ML^Usi2e)) < J II <^ll L2(C7s(2e)) (Vol(l7s (2£) H SUpp(l/;)) ' 

< C\\(p\\L2(^Us(2e))£'^'^- 

Since n — k > 2, the third term also tends to as £ ^ 0. □ 

2.5. Products with spheres. The spectrum of {D^ )^ is bounded from below 
by 

If (M, g) and (TV, h) are compact Riemannian spin manifolds then the squared 
Dirac operator {D^+'^y on (M x N,g + h) can be identified with (£'9)2 ^ [D'^y^ 
We conclude the following. 
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Proposition 2.5. Let {M,g) be a compact spin manifold and I > 1. Then the 
spectrum of (D^+s )^ on M x is bounded from below by P/i. 

3. Proof of Theorem 11.21 

Our standing assumptions are: (Af , g) is a compact Riemannian spin manifold of 
dimension n together with a fc-dimensional submanifold S* of M diffeomorphic to S'^. 
We assume n — k > 2. The restriction of g to 5 is denoted by h. Let ^ 5* be 
the normal bundle of S. We assume furthermore that a trivialization of the normal 
bundle is given, that is a vector bundle map l : M"^*^ x 5 — > i^. We assume that l 
is fiberwise an isometry. 

For i? > we denote by the disk bundle of vectors of length < R in ly. For 

sufficiently small R the normal exponential map exp"^ of S defines a diffeomorphism 
of iy{R) onto a neighborhood of S. For such small R > one has 

Us{R) = (exp" oL){B'^-k{R) xS)^ exp'^(z/(i?)). 

Lemma 3.1. Let n > 3. Let x be the canonical spin structure on M."~'^ , let Xb 
be the bounding spin structure on and Xnb the non-bounding spin structure on 
. There is a diffeomorphism from F : R"^^ x 5*^ to itself preserving the linear 
structure ofM"^^ with 

F*ix X Xb) = X X Xnb- 

Proof. Let 7 : 5'-'^ — > SO(n — 1) be a generator of 7ri(S0(n — 1)). Then the map 
{X,x) i—>- {•^{x)X, x) is a diffeomorphism as desired. □ 

Let exp"^ : v M he the restriction of the exponential map to v. Close to the zero 
section of v, exp'^ is a diffeomorphism onto its image, and hence for small e > the 
map 

/, : K"-^- X S, (X, x) ^ exp f R ] 

is a diffeomorpism onto the interior of Us{R)- The spin structure on M induces 
a spin structure on R""*-' x S'. If fc > 2, then the spin structure on R"~'^ x S' is 
unique. However, in the case k — 1, the induced spin structure might be x x Xfj or 
X X Xnb- If the induced spin structure is x x Xnb, we replace uhy l' — lo F, and the 
spin structure induced by L^i is x x Xb- Hence, we can assume from now on without 
loss of generality that the trivialization t induces the spin structure x x Xb- 

3.1. Approximation by a metric of product form near S. In the following 
r{x) denotes the distance from the point x to S with respect to the metric g. 

Lemma 3.2. For sufficiently small R > there is a constant C > so that 

G = 3- ((exp^oO^i)* + 

satisfies 

\G{x)\ < Cr{x), |VG(x)| < C 

on Us{R)- 
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Note that in this lemma the function r(x) is by definition the distance of a; to 
with respect to g but it coincides with the distance of x to with respect to the 
metric ((exp" ot)-i)*(/^' + h) 

Proof. Since x VG{x) is continuous on a neighborhood of S we can find a 
constant C such that |VG(a;)| < C for sufficiently small i? > 0. Now, let a; G S*. At 
first the spaces Taj's* and are orthogonal with respect to the two scalar products 
^(a;) and ((exp'' ol)~^)* {g^^^ + h){x). It is also clear that these two scalar products 
coincide on TxS. Since the differential c?(exp'' ol) is an isometry, they coincide 
also on Ux- This implies that g{x) = {{eyi\f oL)~^)*[g^^^ + h){x) and hence that 
G{x) — 0. We obtain that G vanishes on S. Since G is C^, \G\ is 1-lipschitzian and 
thus there exists C > such that |G(a::)| < Cr{x). □ 

The following proposition allows us to assume that the metric g has product form 
close to the surgery sphere S. 

Proposition 3.3. Let {M,g) and S be as above. Then there is a metric g on M 
and e > such that d^{x, S) — d^{x, S), g has product form on Us{£) and 



For (5 > let 77 be a smooth cut-off function such that < 77 < 1, 77 = 1 on C/s((5), 
7? = on M \ Us{2S), and I^T^Ig < 2/S. We set 



Then d^{x, S) = d^^ {x, S) = r{x). Through a series of lemmas we will prove the 
proposition for g = gs for S sufficiently small. 

In the following estimates G denotes a constant whose values might vary from one 
line to another, which is independent of S and 77 but might depend on M , g, S. 
Terms denoted by 0^(1) tend to zero when i ~> 00. 

Lemma 3.4. Let Si be a sequence with 6i as i ^ 00. Let tpi be a sequence of 
spinors on {M,gs.) such that D^^api = and Jj^j dv^^i — 1. Then the sequence 
ffg^'^ Lpi is bounded in Hf{AI,g). 



Proof As J \l3g'' ipil'^ dv^ = 1+0^(1) we have to show that = -y/ /^^ |V9(/3f ' (y5j)|2 dws 

is bounded. We assume the opposite, that is ai — > 00, and set -tpi — f3g^^ ipi. 
Then we have ^D^^i ipi = since (39 o (3p = Id, so formula © gives us 



dimkerZ?^ < dimkerZ)^. 



gs = T^dc^v" oiryig""-' + h) + {l- ri)g. 
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Using Q), 10), Lemma rOl and the fact that g and gg. coincide outside Us{2Si) we 
get 

1 < C6f [ iV^ij^Hdv^ + C [ Itp^l^ dv^ + C [ \'^p^\'^dv^ 

< CSf + cf |V'.|'di'^ + «r'(l + o.(l)) 

< cf dvs + o,{l) 

J Us (25,) 

As ipi is bounded in Hi{M,g), a subsequence converges weakly in Hf{M,g) and 
strongly in L'^{M,g) to a limit spinor V' G Hi{M,g). Hence for this subsequence 

'Us(2Si) 

which implies a contradiction. □ 

Lemma 3.5. Again let 6i be a sequence with Si as i oo and let ipi he a 
sequence of spinors on {M,gs-) such that D^^'upi = and J^^ \ dv^^i = 1. Then, 
after passing to a subsequence, (3g^^ (pi converges weakly in Hf{AI,g) and strongly 
in L'^{M,g) to a harmonic spinor on {M,g). 

Proof. According to the previous Lemma the sequence 0g^^ ipi is bounded in Hf{M, g) 
and hence a subsequence converges weakly in Hi (M, g) . After passing to a sub- 
sequence once again we obtain strong convergence in L^{M,g). Denote the limit 
spinor by ip. 

For any e > Lemma [2.21 implies that Pg^' fi is bounded in C^(M \ Us{s)), and 
Lemma lT^ then implies that a subsequence converges in C^{M\Us(£))- Hence the 
limit (f is in C/„JM\S') and satisfies D^ip = on M\U{S). Since (p is in L'^{M, g) it 
follows from Lemma VTM that if \s a. weak solution of D-if) = on (M, g). By elliptic 
regularity theory is a strong solution and a harmonic spinor on (M, g) . □ 

Proof of Provosition \3. A Let m = liminf^^o dimkerZ)^*. For sufficiently small S 
let (fig, ... , (f™ £ ker D^^ be spinors such that 




M 

According to Lemma 13.51 there are spinors S ker and a sequence 

6i such that /3g^'(/9^. converges to ip^ weakly in Hl{M^g) and strongly in 
L'^{M,g) for j — l,...,m. Because of strong L^-convergence the orthogonality 
relation (j^ is preserved in the limit so dim ker Z?^ > m. Hence there is a > so 
that dim ker D^'^o = m < dim ker and the Proposition is proved with g = gg^ . □ 

3.2. Proof for metrics of product form near S. We assume that g is a product 
metric on UsiRmax) for some i?max > 0, as we may from Proposition l3.3l In polar 
coordinates (r, 6) £ (0, i?inax) x S'""''^^ on i?""''(-Rmax) we get 

g = + h = dr^+ r2g'°""d + h. 
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< p << ro < ri/2 << i?max 
Figure 1 . Hierachy of variables 

Let p > be a small number which we will finally let tend to (see also Figure lX^ . 
We decompose M into three parts 

(1) M\Us{Rm..), 

(2) (p/2,i?„,ax) X ^"-'=-1 X 5^ 

(3) C/s(p/2) = S"-'=(p/2)x5'=. 

The manifold M is obtained by removing part (3) and by gluing in x 5*^+^, 

that is M is the union of 

(1) M\UsiRm..), 

(2) (p/2,i?„,ax) X 5"-'=-! X 5^ 

(3') S-^-fc-i X B''+\ 

We now define a sequence of metrics gp on M such that the theorem holds for small 
p > 0. The metrics Qp will coincide with g on part (1), but will be modified in part 
(2) in order to close up nicely in part (3'). 

Let ro,ri be fixed such that 2p < tq < ri/2 < i?inax/2. Define gp on M by 
(1) gp^g on M\Us{R max J 

ip 



(2) gp = F2(dr2 + ^2/°""^ _^ rf;^) (^^3, i?max) X S""-*^-! X S**^, where F and 



/p satisfy 

ll/r, if r < To, Ir, if r < p . 

(3') gp — + on x 5*^+^ where 7p is some metric so that gp is 

smooth. 

The metric gp is visualized in Figure 13.21 In order to visualize the metric gp 
two projections are drawn. In both projections the horizontal direction represents 
— logr. In the first projection the vertical direction indicates the size of the co- 
sphere S"^'^^^ . In the second projection the vertical direction indicates the size of 
S which is fiberwise homothetic to [S = ,h). 

We are now going to prove that 

dim ker D^" < dim ker (10) 
for small p > 0. Before proving I|1Q|I . we need some estimates. 
For a e (0,p/2), let U{a) = M \ (M \ Us{a)) so that M \ Us{a) = M\U{a). 

Proposition 3.6. Let s G (0,ri/2). Let tpp he a harmonic spinor on (M,gp). 
Then for p e (0, s) it holds that 



32 



U{s)\U{2p) JU{2s)\U{s) 
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Figure 2. The metric gp. 



Proof. Let 77 G C°°{M) be a cut-off function with 0<77<l,77 = lon U{s), tj = 
on M \ [7(2s), and 

\dv\g < 1- (11) 

The spinor rjipp is compactly supported in U{2s). Moreover, the metric gp can be 
written as gp = g™""'* + /ip on U{2s) where the metric hp is equal to r~^dr'^ +r~'^ f^h 
onf/(2s)\C/(p/2) andisequalt0 7pOn5"-''-ixS'^+i = U{p/2). Hence {U{2s),gp) 
is isometric to an open subset of a manifold of the form x N equipped with 

a product metric f;™"^!^ _|_ where N is compact. By ProDOsition l2 . 51 the squared 
eigenvalues of the Dirac operator on this product manifold are greater than or equal 
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to (n — fc — 1)^/4. Writing the Raylcigh quotient of ijipp we obtain 



Since D^^ipp = we have D^p{ritpp) = grad^''r] ■ ipp so 



I^^^Mp)!' = Igrad'^-Ty-^pp = |d?7|l|^p|l. (13) 



By definition di] is supported in [/(2s) \ C/(s). On M \ U{2p) we have (?p = F^g. 
Moreover, by Relation (|ll|l and since F = l/r on the support of dry, we have 

\dv\l=r^\dv\l<'-^ 

and hence 



4r2 

Since gp ~ r^^g on [/(2s) \ U{s) we have d-y^" = r"" dw^. Using equation ifT^ it 
foUows that 

\D3''{'n^Pp)\^dvS'' < 4 £ - r^^^"^^^^"\r~'^'ilJp\^dvS 

U(2s) S Ju(2s)\U{s) 

< - L \F^i;p\^dv3, (14) 

Ju(2s}\U{s) 

where we also use that r < 2s on the domain of integration. Since 77 G [0, 1] on 
[/(2s) \ [/(s), since 77 = 1 on U{s) and since gp = r~'^g on [/(s) \ U{2p), we have 

\r]ipp\'^ dv^^" > iV'ppdw^" 

(7(2s) Ju{s)\U{2p) 
C/(s)\C/(2p) 

> - f \F^,Pp\ldv^, (15) 

S J;7M\(7(2p) 

where we use that r < s in the last inequality. Plugging l(Tl| and lfT5|) into (fl^ we 
get 

jn^k-lf ^ lhi2sms)\P'^i^p\^dvS 

4 " '^Iuism^p)\F'^^p\ldv^ 

and hence Proposition 13.61 follows . □ 

Proof of Theorem M.iH As explained above we need to prove Relation pU|) . for a 
contradiction assume that it is false. Then there is a strictly decreasing sequence 
Pi ^ such that dimkerD^ < dimker/^^Pi for all i. To simplify the notation 
for subsequences we define E — {pi : i e f^}. We have & E and passing to a 
subsequence of pi means passing to a subset E' d E oi with G -E'. 

Let m = dimkerD^ + l. For all p G i? we can find ZJ^p -harmonic spinors tpp, . . . , ip™ 

on (M, gp) such that 

{i''p,^'p)dv^= f (V^^>p^)d«^ = jj^' 'l^^'l; (16) 
M\Uis) Jm\u{s) 10, ifj^tfe, 
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where s < < ri/2 is fixed as above. Let tpj^ — F'^ipj^. These spinor fields are 
defined on M \ U{2p) and by © they are Z3^-harmonic. 

Step 1. Let S G (0, Rmax)- For p > small enough we have 

I 112 J o ^ (n-fc-f)2 + 32 , , 

iM\u{S) (n-k-iy 

By Proposition 13 . 61 we have 

U{s)\Ui2p) [n- IC ~ ij Ju(2s)\U{s) 

and hence if 2/9 < (5 it follows that 

S2 /■ 

Uis)\U{S) (n- It - i) JM\Uis) 



It follows that 



M\U{S) Jm\U{s) Ju{s)\U{5) 

(n-/c-l)2 7m\(7(s) 
From (|15|l we now obtain Inequality p7|l . 

Step 2. T/iere ea;iste E' C E with eW and spinors <I>\ . . . , $™ e Ci(A/ \ 5), 
-harmonic on {M\S, g) such that ipj^ tend to $^ in C^^^{M\S) as p 0, p £ E' . 

Let Z G N be an integer, Z > l/s. By l(T7|) the sequence {ip^p}p^E is bounded in 
i2(M \ ?7(1/Z)). By Lemma O it follows that {(p^pjpeE is bounded in C'^{M \ 
U{2/Z)) for all sufficiently large Z. For a fixed Zo > l/s we apply Lemma 12.31 
and conclude that for any j there is a subsequence {ipji}peEo of {^■'p}peE that 
converges in C^{M \ U{2/Zq)) to a spinor <I>q. Similarly we construct further and 
further subsequences {(pjy}peEi converging to $^ in C^{M \ U{2/{Zq + i))) with 
Si C E,^i C ■■■ C Eo C E,0 GE',. Obviously extends Define C £: 

as consisting of one pi from each Ei chosen so that pi a.s i (x. Then the 
sequence {v?^}pe-E' converges in Cl^^{M \S) to a, spinor <I>^ . As ipj^ is D^-harmonic 
on (M \ C/(2p)) the Cl^^iM \ S')-convergence implies that D^^i = on M\S. We 
have proved Step 2. 

Step 3. Conclusion. 

Let j e {1, . . . , m}. By (|17() we conclude that 

M\s (n - - 1)^ 

and hence $^ G LF'{M). By Lemma [2.41 and elliptic regularity is harmonic and 
smooth on all of (A/, g). Since Af \ [/(s) is a relatively compact subset of Af \ S' the 
normalization is preserved in the limit p — > and hence 



Jm\u(s) |0, \ij^k. 
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This proves that $\ . . . , are hnearly independent harmonic spinors on {M, g) 
and hence dimkerD^ > m which contradicts the definition of ni. Tliis proves 
Relation (0 and Theorem O □ 

4. Proof of Theorem 11.11 

The proof will follow the argument of 2 so we introduce notation in accordance 
to that paper. For a compact spin manifold AI the space of smooth Riemannian 
metrics on M is denoted by TZ{M) and the subset of _D-minimal metrics is denoted 

by TZmin{M). 

From standard results in perturbation theory it follows that TZinin{M) is open in 
the C^-topology on TZ{M) and if 7?.niin(Af) is not empty then it is dense in TZ{M) 
in all C'^'-topologies, fc > 1, see for example jEl Prop. 3.1]. We define the word 
generic to mean these open and dense properties satisfied by 7?.min(-M) if non-empty. 
Theorem II .11 is then equivalent to the following. 

Theorem 4.1. Let M be a compact connected spin manifold. Then there is a 
D-minimal metric on M . 

Before we start the proof we note the following consequence of Theorem ll.2l 

Proposition 4.2. Let N he a compact spin manifold which has a D-minimal metric 
and suppose that M is obtained from N by surgery of codimension > 2. Then M 
has a D-minimal metric. 

Proof. This follows from Theorem II .21 since the left hand side of is the same for 
M and N while the right hand side may only decrease. □ 

From the proof of handle decompositions of bordisms we have the following. 

Proposition 4.3. Suppose that M is connected, dim A/ > 3, and that M is spin 
bordant to a manifold N . Then M can be obtained from N by a sequence of surgeries 
of codimension > 2. 

Proof. The statement follows from ^3 VII Theorem 3] if dim M = 3. If dim M > 4, 
then we can do surgery in dimension and 1 at a given spin cobordism between 
AI and iV, and obtain a connected, simply connected spin cobordism W between 
M and N. It then follows from 11, VIII 3.1] that one can obtain AI from N by 
surgeries of dimension 0, . . . , n — 2. □ 

Proof of Theorem \4-l\ From the solution of the Gromov-Lawson conjecture by Stolz 
jl4| together with knowledge of some explicit manifolds with D-minimal metrics 
one can show that any compact spin manifold is spin bordant to a manifold with 
a U-minimal metric, this is worked out in detail in [3 Prop. 3.9]. We may thus 
assume that the given manifold AI is spin bordant to a manifold N equipped with 
a Z?-minimal metric. The Theorem now follows from Propositions 14.21 and 14.31 if 
dimM > 3. 

Now, let dim A/ = 2. If a{M) = 0, then M can be obtained by adding handles to 
S"^, i.e. by 0-dimensional surgery. If a(M) ^ 0, then M can be obtained by adding 
handles to T^ where T^ carries the spin structure with a / 0. Any metric on T^ 
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with that spin structure has a 2-dinicnsional kernel, and is thus i?-minimaL With 
Proposition 14 . 21 we get Theorem 14. II in the 2-dimensional case. □ 
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